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Abstract

In our contribution we investigate a
sparse coded Boltzmann machine as
a model for the formation of orienta-
tion selective receptive fields in pri-
mary visual cortex. The model con-
sists of two layers of neurons which
are recurrently connected and which
represent the lateral geniculate nu-
cleus and primary visual cortex. Neu-
rons have ternary activity values +1,
—1, and 0, where the O-state is de-
generate being assumed with higher
prior probability. The probability
for a (stochastic) activation vector on
the net obeys the Boltzmann distri-
bution and maximum-likelihood leads
to the standard Boltzmann learning
rule. We apply a mean-field version of
this model to natural image process-
ing and find that neurons develop lo-
calized and oriented receptive fields.

Introduction

Neurons in the primary visual cortical area
V1 of mammals are strongly recurrently
connected to a smaller number of LGN neu-
rons. A typical V1 simple cell receives in-
put from a small part of the visual field (lo-
calized receptive field) and often preferably
responds to edges and lines of a certain ori-
entation. Hubel and Wiesel [10] proposed
that simple cells in cat striate cortex are ori-
entation selective because they receive seg-
regated ON- and OFF-input from appropri-
ately elongated areas of the LGN retinotopic
map. We model the development of this
phenomenon. A possible other cause is re-
current intracortical interaction (e.g. [1]).
The activation statistics of V1 cells comes
along with statistics of edges in natural im-
ages which is sparse [2]: neurons rarely en-

Figure 1: Architecture of the model. Input
units with activations Z are fully connected
to hidden units which have activations .
Recurrent weights are depicted as separate

feedforward, W, and feedback weights, W7 .

counter a matching edge. Therefore it has
been suggested that sparseness constraints
may be responsible for a stimulus driven
generation of localized and oriented recep-
tive fields.

Several models have been proposed to
understand receptive field formation via the
task to learn a sparse representation of vi-
sual images. A class of feedforward mod-
els applied for unsupervised data analysis,
generate a sparse representation by max-
imizing the entropy on the hidden unit
activity distribution [3][4]. Tt has been
shown [5][11] that those models are equiv-
alent to a recurrent type of data predicting
model with sparse activation prior on hid-
den neurons (e.g. [7][12]). Accordingly, the
role of the V1 — LGN feedback is to predict
(“extinguish”) a given data point by logi-
cally inhibitory feedback, i.e. antisymmetric
weights. The role we propose of the feed-
back projection is to generate the data from
hidden unit activations when there is no in-
put.

Here we consider a recurrent stochastic
neural network, a two layered Boltzmann
machine, which learns to represent an en-
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Figure 2: Prior density for the activation
classes —1, +1, and 0 of a hidden neuron
derived from a flat prior over states. The
latter value is n-times (here: n = 5) more
probable than an active state.

semble of natural stimuli (Fig. 1). N in-
put neurons are connected to H hidden neu-
rons by symmetric forward and backward
weights W, but no lateral connections are
considered. Neurons are stochastic and can
assume three different activity values +1,
—1 (active states), and 0 (inactive state)
(Fig. 2). Contrary to previous approaches,
where sparseness is enforced via lateral com-
petition [13] or where the mutual informa-
tion between the “cortical” neurons is ex-
plicitly minimized [6], we impose sparseness
by applying a high prior probability for the
inactive state. In contrary to the compet-
itive case the prior does not induce depen-
dencies between hidden neuron activations.
Given patches of natural images and a mod-
ified Boltzmann learning rule we find that a
sparse representation, i.e. localized edge de-
tectors emerge.

Theory and Methods

Probability distribution

In the Boltzmann machine framework, ev-
ery activation state § = (#, ¥) consisting of
hidden unit activations ¥ and input neuron
activations Z is characterized by an energy
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where h; = Zf wj; u; denotes the net feed-
back input to an input neuron j and h; =
Zjv w;; x; denotes the net feedforward in-
put to a hidden neuron i. The probability

that a given state occurs in the free-running
phase is given by the Boltzmann distribu-
tion

e_ﬁEboltz (5)
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In the clamped phase, where input neuron
activations & are given by a data point \*,
with data index pu, we have:
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Note that the probability is defined over all
states § and takes into account the degener-
acy of the inactive state.

Cost function and learning rule

Let P(x*")~ denote the probability that the
Boltzmann machine generates an observed
data point x* in the free-running phase.
For a set of (statistically independent) data
points {x*} we obtain the log-likelihood

L{X*}) = Y _ InP(y") (3)

of their generation which - in the limit of an
infinite number of observations - becomes

LX) = PHX) P (X)) (4)

where the sum extends over all possible in-
put activations. Maximizing Eq. (4) by gra-
dient ascent we obtain [8]:
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for the architecture depicted in Fig. 1. ¢
denotes the learning step size. The two
Hebbian/anti-Hebbian terms for learning
w;; are the expectation values of the correla-
tion between activations u; and x; (clamped
phase) or u; and z; (free running phase).

Sparseness

In order to impose sparseness we consider
n “zero”-states with degenerate energy be-
sides the binary states +1 and —1 of the
standard Boltzmann machine. We now



have multiple states with identical activa-
tions. The Boltzmann distribution Eq. (2)
remains unchanged if all states are distin-
guished (by some label different from acti-
vations). The sum in the denominator (par-
tition function) counts all states once (by
the label which distinguishes them all).

A different point of view is to take into
account multiplicity of identical states by a
prior probability P*P(s) for a sparse activa-
tion. The Boltzmann distribution becomes

Psp(g) 6_ﬁEboltz(s‘)
= Z{s‘,,} Psp(g,,)e_ﬁEboztz(;u)

Py

where in the partition function the sum ex-
tends over states 5" with different activation
values only. Fig. 2 shows this prior distribu-
tion for the three activation values of one
neuron. Its Fisher-kurtosis is

E{u} PP (u) u? . n
(X quy PP (u) u?)? 2

The kurtosis is a measure of sparseness as it
increases with the number of inactive neu-
rons. It becomes positive for n > 4. It has
been argued that distributions with positive
kurtosis are suited for independent compo-
nent analysis on sparsely distributed data [3]
and produce sparse code [12].

Stochastic neurons

The probability for a hidden neuron 7 to
have activity £1 or 0 is

Plu; =%1) = —Fh
(n=%1) = o
n
Pluy=0) = — 6
(=0 = 2 ()
where the normalizing constant considers its
possible values —1, n-times zero and +1:
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Figure 3 shows these corresponding transfer
functions of stochastic neurons.

Mean activations

Given an input h; to a hidden neuron ¢, its
mean activation (u;) = Z{a} P(#) u; is the
weighted average over activations +1, 0 and
—1 and leads to an effective transfer func-
tion of a continuous neuron (Fig. 4):
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Figure 3: P(u; = —1), left curve, and

1— P(u; = +1), right curve, as a function of
the net-input h, here for n = 5. The vertical
distance between both curves is the proba-
bility for 0 activation.

Input neuron activations need to cover a
wide continuous range for the purpose to
generate our data. We assume a (infinite)
homogeneous prior on equidistantly spaced
discrete input activations. Taking the mean
activation (z;) = 3"z P(¥)z;, given an in-
put h; to an input neuron j, we obtain the
identity transfer function

(zj) = ¢olhj) = hy (8)

Neuron update dynamics

Considering on-line learning, the left term
of Eq. () can be written as

ey (ui)? 9)

where Y* denote clamped stimuli and
(i)t = Z{ﬁ} Pgu(ﬂ) u;. In the clamped
phase, feedback has no effect. We find the
exact mean activation of a hidden neuron by
one feedforward computation.

For the free-running phase, the network
architecture without lateral weights encour-
ages an alternating update of the input and
the hidden layer. Following the mean-field
approximation [9], we write the right term

of Eq. (5) as
— Y Py (i) u; Y Py(#)az;. (10)
{a} {#)

Eq. (10) is approximated by alternatingly
updating all hidden neurons (Egs. (6) or (7))
and all input neurons (Eq. (8)).



Figure 4:  Transfer functions tanh(h)
(dashed line) and the sparse mean-field
transfer function ¢, (h) (solid, curved line),
plotted for n = 10. Only the positive half-
axis 1s shown and both functions are scaled
such that they intersect the identity func-
tion (dotted line) at 0.5. A single-neuron
dynamics h(t + 1) = tanh(h(t)) exhibits the
stationary states 0.5 (stable) and 0.0 (un-
stable). The dynamics A(t + 1) = pyu(h(t))
on the other hand exhibits two stable fixed
points at 0.0 and ¢, (h) = 0.8, and an un-
stable fixpoint at 0.5.

Weight constraint

As an effect of sparse hidden neuron activa-
tions the data are under-estimated: In the
free-running phase hidden neurons generate
activity values on the input units which are
smaller than values given by the data. The
weights compensate via increasing their ab-
solute values and - as a result - the net in-
put h; of any hidden neuron i will also be-
come larger. As a consequence more neu-
rons will take part in data generation and
they will decide more decisively for the satu-
rating states +1 or —1 of their transfer func-
tion and sparse coding is lost.

In order to prevent weights from becom-
ing too large we consider a Bayesian weight
prior and maximize the posterior probabil-

ity P(W[{x"}) ~ L({x"}) P(W) where
dw N 2 N q
P(u_jl) = 6_T Zj’ Wigt Zj// Wiin )

d,, 1s a scaling factor. Gradient ascent leads
to the additive correction term to the above
Boltzmann learning rule Eq. (5), i.e.

ij

N
t 2
Awii™ " & —dywi; E Wi (11)
j/

This soft constraint on a hidden neu-
ron weight vector is local in the sense that
it does not depend on any weight of any
other hidden neuron. Thus, hidden neu-
rons do not interact via this constraint.
Weight vectors among input neurons do, but
the Bayesian prior on the weights i1s sep-
arate from the Boltzmann machine frame-
work and in particular does not influence
activation dynamics.

Results

We took 16 greyscale images of natural
scenes where for each image pixelvalues were
normalized by subtraction of their mean and
division by their variance. A data point ¥
was generated by selecting an image ran-
domly and cutting out a random part of
the size of the input layer. The mean in-
put value was subtracted of these pixels.

Weights were initialized with small ran-
dom values with mean zero. Then the fol-
lowing on-line learning procedure was re-
peated 1000000 times. One clamped relax-
ation step was done with a data point to
compute Egs. (7, 9). One free-running relax-
ation consisted of 16 iterations where Egs.
(8, 10) were paired with either Eqgs. (6) for
stochastic hidden neurons or with Eq. (7)
for continuous mean-field units. In the case
of stochastic hidden neurons the mean used
for Hebbian learning was taken from the last
8 iterations, in the case of mean-field hid-
den neurons the values of the last step were
taken as the best approximation to the real
mean. Then, a weight update was made
(Egs. (5) and (11)).

The parameters were: learning stepsize
¢ = 0.001 lowered to 0.0001, number (de-
generacy) of zero-activity states of a hidden
neuron n = 15, constraint on the weights
dy = 0.1, inverse temperature § = 1.5.

Edge detectors

Fig. 5 shows the weights after training. The
characteristics of the receptive fields changes
with the length of the weight vectors. Neu-
rons with large weights receive strong input
and are more often active. Lacking sparse-
ness they extract features resembling prin-
cipal components. The majority of smaller
vectors form higher frequency edge detec-
tors which are well localized within the in-
put field. If the input images consist of
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Figure 5: The weight matrix after training.
Each square shows the receptive field of one
of the 12 x 10 hidden neurons, black indicat-
ing negative, white positive weights to one of
the 10 x 10 input neurons. On the left half,
brightness scales linearly with the weights.
On the right half, contrast is sharpened by
a piecewise linear function. Fields are or-
dered left-to-right, top-to-bottom in the or-
der of the length of the weight vector. A
larger number of hidden neurons than input
neurons allow for an overcomplete represen-
tation of the input.

white noise only, then there is no structure
to be extracted. Receptive fields remain un-
structured.

Clamped and free-running phase

Fig. 6, left, shows a receptive field after only
the clamped phase was used for learning.
All hidden neurons see the same data and
do not interact. Identical fields develop (ex-
cept for the sign) and correspond to the first
principal component of the data as expected
(cf. [8]).

The right receptive field of Fig. 6 shows a
training result if only the free running phase
was used. To prevent all weights to become
zero we changed the weight constraint Eq.
(11) to Awif™™ & +dywi /(3 wh). Us-
ing d,, = 0.1, weights were comparable in
size to those of the normally trained net.

Figure 6: Left: a receptive field of a net
which had been trained during clamped
phase only. Middle: the receptive field of an
alonestanding linear neuron. Right: one re-
ceptive field of a net which had been trained
during the free-running phase only.

Field-vectors of hidden cells were maximally
different, i.e. perpendicular, if there was no
overcomplete coding. Comparing this result
with the clamped case we see that the only
interaction between hidden neurons occurs
through the feedback loop in the free run-
ning phase.

Generation of images

Fig. 7 shows snapshots of activations on the
input neurons of four differently trained net-
works as they relaxate in a prolonged free
running phase.

After 16 iterations in the free running
phase as performed for training, the activa-
tions of mean-field hidden neurons (Eq. (7))
have still not converged. Instead, the upper
row of Fig. 7 shows that input values con-
verge to stronger values after time. Then,
rarely a hidden neuron remains “off”. Ob-
viously, the fixpoint at zero (see Fig. 4) is
not stable in the case of multiple neurons.

The second row of Fig. 7 shows input
unit activations as they occur in the case of
stochastic hidden neurons (Eqs. (6)). They
fluctuate, thus hidden neurons do not get
stuck in an all-active state.

The network which has been trained dur-
ing the clamped phase generates images
which resemble the first principal compo-
nent of the data (third row). The activation
patterns of a network which was trained dur-
ing the free-running phase only converge to
zero with a weak change of their appearance
(forth row). Considering only the direction
of the activation vector, we thus find a vari-
ety (near continuity) of attractors.

Discussion

For the purpose of biological modeling, we
can eliminate negative activation values of
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Figure 7: Each row shows the activation
pattern across input units during the free
running phase at seven different time-steps,
given on top in multiples of the relaxation
time used for learning. Except for the sec-
ond row, mean-field hidden neurons (Eq.
(7)) trained on 8 free relaxations were used.
First row: network trained by the full Boltz-
mann learning rule; second row: like first
row but with stochastic hidden neurons
(Egs. (6)) trained on 16 relaxations; third
row: network trained during the clamped
phase only; last row: network trained dur-
ing the free running phase only.

hidden neurons if Egs. (6) are changed to

7 eﬁhl ! n
P (Uz = —|—1) = o P (ul = 0) = ?
with normalizing constant 7! = eP* 4 n.

Simulation results are comparable to the re-
sults shown without change of parameters.

Negative activation values on the input
neurons are identified with positive activa-
tions of OFF-layer LGN cells. The sign can-
cels out by feeding these through the nega-
tive weights which are considered as (posi-
tive) connections to the OFF-layer.

The role of the feedback weights in our
model to generate input data contradicts
with their role to “extinguish” a given data
point in other models (eg. [12]). The biolog-
ical strategy remains to be discovered.
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